We present the spatially accelerating solutions of the Maxwell equations. Such beams accelerate along a circular trajectory extending beyond the paraxial regime, thus generalizing the concept of accelerating Airy beams.
Here, we present non-paraxial spatially accelerating shape-preserving beams. These accelerating beams are solutions to the full Maxwell equations, for time-harmonic linearly polarized fields. These non-paraxial accelerating beams propagate along a circular trajectory, therefore asymptotically reaching 90 degrees angles completing a quarter of a circle. As a validity test, we prove that taking these beams to the paraxial limit recovers the known paraxial Airy beams. This proves that, in the most general sense, an accelerating beam of EM waves (a wavepacket satisfying Maxwell's equations) is the beam we present here, and that the Airy beam found in [1] is simply the outcome of the paraxial approximation.
Starting from Maxwell's equations in vacuum, an electric field polarized linearly along the y direction, Ē=E Y (x,z,t) 
(1) Accelerating beam. Equation 1 has full symmetry between the x and z coordinates. Hence, it is logical to seek a shapepreserving beam whose trajectory resides on a circle. As initial condition, we use E(x,z=0,t) and let the beam propagate in the forward +z direction. Of course, such a beam cannot turn back to propagate in the -z direction, hence the largest bending expected is a trajectory parallel to the x-direction. That is, the beam will asymptotically complete circular motion on a quarter of a circle. To seek such motion which is also shape invariant, it is convenient to transform to the rest frame of the beam. Since the motion is on a circle, we transform to polar coordinates r, θ, by taking z = r sin(θ), x = r cos(θ). We transform Eq. 1 to these new coordinates, and seek shape-preserving solutions of the form E = U(r) e iαθ -iωt . The result is a monochromatic beam, which is shape-preserving along any circular curve. The radial function U(r) must satisfy: r(rU r ) r + [-α 2 + (ω 2 /c 2 ) r 2 ]U = 0.
(2) The solutions are the Bessel functions U=J α [(ω/c)r]. [Actually, there is an additional family of solutions, also from the Bessel family, but those diverge at the origin, hence we will not discuss them here]. A related method was used earlier [6], to find EM waves that have relativistic acceleration in time.
To unravel the physics of our solution, it must be transformed back to the coordinates x, z; and separated into forward and backward propagating waves. We do it through the Fourier transform of the beam, which is confined to reside on a circle of radius k=ω/c in the k x k z plane. The top half (positive k z ) gives the forward propagating part of the beam, while the bottom half (negative k z ) give the backward propagating part. The forward propagating part is the actual forwardaccelerating beam. Importantly, it is not a Bessel beam, but rather a "half-Bessel" beam. This can be calculated by integration over the top half of the circle (angles 0 to π), as sketched in the diagram on the figures.
Here α can be any real number (not necessarily integer), since we are not restricted by periodic boundary conditions (the beam never bends more than 90 o ). Note that any superposition of solutions of Eq.3, with different values of α, also gives an accelerating beam. Such superposition accelerates in unison, but it is not shape preserving: it is a breather, with a periodicity depending on the difference between the αs. Thus, an infinite family of periodic accelerating beams can be generated from superpositions. Fig. I shows an accelerating beam, while Fig. II presents a We now show that the known Airy beam is the outcome of Eq.3 taken to the paraxial limit. Thus, the actual accelerating solution of Maxwell's equations is the one described here, with the Airy beam being its paraxial limit. A property of the Bessel function implies that the main lobe is close to x=α/k. Thus, to make the approximation in the correct range, we take x= α/k + x and assume x and z to be small. We also assume α to be very large, so that the exponent oscillates very fast and cancels out most of the contribution of the non-paraxial regime. In the limit of large α, we expand the cosine and sine by a Taylor series around π/2, up to third order. The result is an integral that is solved analytically to yield 
where Ai is the Airy functions. Note the z 3 term characteristic of the paraxial accelerating Airy beam. A direct consequence is that the relation between the parameter α and the acceleration (from the trajectory -x-az 2 /2), which is simply a=k/α. Hence the acceleration is smaller for larger α, which makes sense because higher orders of α give circular motion with larger radii, so the radial acceleration is indeed smaller. Another conclusion is that if we try to approximate an accelerating beam which is a superposition of several α's, we get a superposition of Airy beams with different accelerations. This is why the paraxial accelerating beam must be a single Airy function, with a uniquely defined acceleration. Finally, for small values of α we find accelerating beams that cannot exist in the paraxial regime at all. Those beams are mainly made up of spatial frequencies which are far from paraxiality, hence trying to make a similar Airy beam would end up in a beam that breaks up after a very short propagation distance. See Fig. III for an example, with α=150, where the parabolic acceleration survives for a very short distance only.
To summarize, we found non-paraxial accelerating beams and non-paraxial periodically-oscillating accelerating beams. Taking these beams to the paraxial domain recover the known Airy beams. Hence, accelerating wavepackets made of EM waves are the beams we find here, originating from Maxwell's equations.
[1] G. A. Siviloglou and D. N. Christodoulides, Opt. Lett. 32, 979 (2007); Phys. Rev. Lett. 99, 213901 (2007) . [3] I. Kaminer, M. Segev, and D. N. Christodoulides, Phys. Rev. Lett. 106, 213903 (2011); S. Jia et al., Phys. Rev. Lett. 104, 253904 (2010) [4] E. Greenfield, M. Segev, W. Wallasik, and O. Raz, Phys. Rev. Lett. 106, 213903 (2011) .
[5] A. V. Novitsky and D. V. Novitsky, Opt. Lett. 34, 3430 (2009); L. Carretero et al., Opt. Express 17, 22432 (2009) .
[6] S. Hacyan, J. Opt. 13, 105710 (2011). 
